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We show that a simple graph U is edge-transitive if and only if it has the 
property that for any subgraphs G and H of U, there is a subgraph G, of G, 
isomorphic to a subgraph of H, with 
where )E(K) / denotes the number of edges of a graph K. 
In [ 11, Chung et al. proved the following theorem by a remarkable 
technique: 
THEOREM 1. Let G and H be simple graphs, each on n vertices. Then, 
for some subgraph G, of G, G, is isomorphic to a subgraph of H, and 
where ) E(K) I denotes the number of edges of the graph K. 
In this paper we extend this technique to prove a more general theorem. 
Let U be a simple graph on a vertex set V(U), with edges E(U). We say 
that U is good if for any subgraphs G, H of U, there is a subgraph G, of G, 
isomorphic to a subgraph of H, with 
E(G ) > P(G)1 - IEW)I 10 Iw9l * 
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Let Aut(U) denote the automorphism group of U, that is, the set of all 
permutations of V(G) which map E(U) onto E(U). 
Our theorem is the following: 
THEOREM 2. U is good if and only f Aut(U) is edge-transitive; that is, 
for e,, e, E E(U), at least one f E Auto takes e, to e,. 
We can prove a stronger version of the “if’ part of Theorem 2: 
THEOREM 3. Let A be a subgroup of Aut(U), with A transitive on E(U). 
Then, if G and H are subgraphs of U, there is a subgraph G, of G, 
isomorphic to a subgraph of H by an automorphism f in A, and with 
,EtG ), > P(G)1 - /E(H)1 
1 / 
IW)l ’ 
Proof For each f E A, and e E E(G), let 
tdf, e) = 1 if f(e) E H 
=o otherwise. 
Let 7e = zEA 7(f, e), and let 7f= CesEcG) 7(f, e). Hence, 
(1) 
However, for each e E E(G), 7, counts the number off’s in A which take e 
to an edge of H. Since A acts transitively on E(U), there are precisely 
I A l/l E( U) I taking e to a specific edge of H. Hence 
7 = IEWI - IAI 
e IEW>l ’ 
and 
t: 
7 = IE(G)I. IW-OI * IAl 
e 
e&E(G) IEWI ’ 
so we have evaluated the left-hand side of (1). The right-hand side of (1) is a 
sum of IA I terms, so at least one of them is at least as large as the average. 
Thus, for some f E A, 
7,z lEtGIl - IEWI 
IEWI * 
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Now we are finished: let E(G,) = (e E E(G) 1 s(f, e) = 1 }. Then 
and f is an automorphism in A which takes G, onto a subgraph of H. 
Theorem 1 of course follows immediately, with U= K, and A = S,, the 
full symmetric group on the n vertices of U. This is not surprising as we have 
essentially copied the proof in [ 1 ] of Theorem 1. 
COROLLARY 1. Let G and H be simple bipartite graphs on an m-set B of 
blue vertices, and an n-set R of red vertices. Then some subgraph G, of G is 
color-isomorphic to a subgraph of H, with 
,E(G )I > P(G)1 * IE(H)l 
1 / men ’ 
Proof: Take U = K,,, and A = S, x S, the group of color preserving 
permutations of B U R. 
COROLLARY 2. Let U be an n-circuit, and G, H subgraphs of U. Then, 
some subgraph G, of G, is isomorphic to some subgraph of H, by a rotation 
of U, and with 
,E(G )I > lEtGIl - IE(WI 
I 0 n 
ProoJ Aut(U) is the dihedral group on n elements, but we need only take 
the subgroup A of rotations, as A is edge-transitive, and the corollary 
follows. 
Note that in Corollary 2, and in Corollary I (in the case m = n), we took 
A to be a proper subgroup of Aut(U). Had we taken all of Aut(U), the 
results would have been weaker. 
Now we prove the other half of Theorem 2. 
THEOREM 4. If U is a good graph, then Aut(U) is edge-transitive. 
Proof Let x= IE(U)l, let e,, e2 E E(U). Let E(G) = WU)\{e, 1, 
E(H) = W)\{e, 1. S ince U is good, some subgraph G, of G is isomorphic to 
some subgraph H, of H, with 
IE(G )I> (x- ‘jtx- ‘)=x4 +i 
1 H 
X X’ 
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ThusIE(G,)I~x-l,soG=G,,H=H,,andGandHareisomorphic.We 
have shown that all the graphs v\e, for e E E(U), are isomorphic. 
We may assume U has no isolated vertices. If U is regular, then certainly 
any isomorphism of G ‘onto H takes e, to e,, and is thus an automorphism 
of U. As e, and e2 were arbitrarily chosen, this proves Aut(U) is edge- 
transitive. 
If U is not reular, then U must be bidegree and bipartite, with vertices in 
the same color class having the same degree. This is so since the degrees of u 
and u, for e = [u, v] E E(U), are determined by the degree sequence of U and 
the degree sequence of u\e (which is the same for each edge e E E(U)). 
Let d, < d, be the degrees in U. If d, - d, 2 2, then any isomorphism of G 
onto H will again take e, to e2, and we are done. So we must have 
d, = d, + 1. Note that e E E(U) is a bridge of U if and only if U/e has more 
components than U. Thus if some edge of U is a bridge then all edges of U 
are, and U is a forest. But then U would have to be a disjoint union of paths 
of length two. and Aut(U) is edge-transitive. 
So we can assume that no edge of U is a bridge. But then G contains 
exactly one vertex u of degree d, - 1 and exactly one vertex v, of degree d,, 
in the same component as tl, and an odd distance from u. Further, 
[u, v ] = e, . Any isomorphism from G onto H must take the pair (u, v) to a 
similar pair (u’, v’) of vertices of H, and hence takes e, to e2. 
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